The mapping of the Wigner distribution function (WDF) for a given boundstate onto a semiclassical distribution function (SDF) satisfying the Liouville equation introduced previously by us is applied to the ground state of the Morse oscillator. Here we give results showing that the SDF gets closer to the corresponding WDF as the number of levels of the Morse oscillator increases.
I. INTRODUCTION
The Wigner description in phase-space [1] provides a tool for comparing quantum and classical dynamics [2] . In a previous paper [3] we introduced a mapping relating the Wigner distribution function (WDF) corresponding to a given wave function, solution of the Schrödinger equation to a semiclassical distribution function (SDF) satisfying the classical Liouville equation with the same potential. So far this mapping was applied to the ground state of the square well [3] , the Pöschl-Teller potential [4] and to a modified harmonic oscillator potential [4] .
Here this mapping is extended to the ground state of the unidimensional Morse oscillator.
We vary the depth of the potential in order to study the effect of the level density on the mapping.
The Morse oscillator [5] plays an important role in many areas of Physics, because it is a good approximation to diatomic molecular potentials [6] . Today the Morse potential is used in molecular spectroscopy, even for polyatomic molecules [7] . Some authors have used the Morse potential for studying the semiclassical limit of Quantum Mechanics [8] .
The unidimensional Morse oscillator in phase-space has been already studied by many authors. The classical motion [9] as well as the quantum representation [6] are well known for this potential.
In Sec. II of this work we summarize the method developed in Ref. [3] for mapping WDF into SDF. In Sec. III we study the Morse oscillator and in Sec. IV we present our results and conclusions.
II. DESCRIPTION OF THE METHOD
In this section we present a short derivation of the method used for the mapping [3] . We start with the quantum Liouville equation for the WDF ρ: ∂ρ ∂t + p m ∂ρ ∂q + K(q, p − p ′ )ρ(q, p ′ , t)dp
where the kernel K is given by
V (q) being the potential. The corresponding classical Liouville equation may be written similarly ∂ρ c ∂t + p m ∂ρ c ∂q + K c (q, p − p ′ )ρ c (q, p ′ , t)dp
where
We relate solutions ρ and ρ c of Eqs. (1) and (3) through the integral equation
where G c is the retarded Green's function corresponding to the classical Liouville equation As K c is the term of lowest order in the expansion of K in a power series ofh, ρ − ρ c contains only corrections of the first and higher order terms inh.
It can be shown from results given in Ref. [3] , for a WDF generated from solutions of the Schrödinger equation for which the initial wave function at the time t = t 0 is given; assuming ρ(q, p, t) to vanish for t < t 0 , that ρ c from Eq. (5) gives simply the classical evolution of
Here (Q(q, p, τ ), P (q, p, τ )) describes the classical trajectory in phase-space of a particle subject to the potential V (q) which at the time τ = 0 occupies the point (q, p), that is
In what follows we shall consider mostly the mapping of the time independent WDF ρ(q, p) corresponding to a bound state. In this case, from Eq. (5) one obtains [3] the following prescription for ρ c ,
which is also time independent. Here e ǫτ is a convergence factor introduced explicitly in the Green's function.
It can be shown [3] that for points (q, p) on closed classical orbits the expression given by Eq. (8) is equivalent to
where T = T (q, p) is the period of the orbit. For open trajectories we have T → ∞ and as for bound states the integral in Eq. (9) converges, we get ρ c = 0. As it will be discussed further, in the calculation of averages of physical quantities the quantity of interest is rather T (q, p)ρ c (q, p) which does not vanish for the open trajectories.
We observe here that one may verify directly that the time-independent Liouville equation is obeyed by applying the operator p∂/∂q − (∂V /∂q)∂/∂p on the right hand side of Eq. (8) or (9) and using the fact that ρ(Q(q, p, −t), P (q, p, −t)) satisfies the classical Liouville equation (3) .
An important property of the stationary SDF is that it is constant along the classical trajectories [3] which can be seen by noticing that for any two points (q, p) and (q ′ , p ′ ) on the same path in phase space one has a time interval ∆ such that
(∆ is the time which the particle takes to go from the point (q, p) to the point (q ′ , p ′ ) in phase space or vice versa). Thus we get
where we used the periodicity of the integrand in the last step.
Let (Q(E, ν, t), P (E, ν, t)) represent, for t in the interval
(T may be infinity), the points of a trajectory in phase-space corresponding to energy E and fixed value of ν. Here the discrete parameter ν (ν = 1, · · · , ν max ) distinguishes between the different trajectories corresponding to the same value of E. By varying E and ν one covers the entire allowed phase space. Thus we may consider the transformation of points (E, ν, t)
in the appropriate domains D ν of the energy-time space onto the points (p, q) of the phase
Let us define the function
dt ρ(Q(E, ν, t), P (E, ν, t)).
According to Eq. (9) one has
by choosing the value of ν appropriate to the trajectory containing the point (q, p) as follows from Eq. (12) . We observe here that the relationship (13) between ρ(q, p) and R c (E, ν) is analogous to that between R(q), the probability density in coordinate space and the WDF ρ(q, p) [10] :
R(q) = ρ(q, p)dp.
The average of any Weyl function [10] O(q, p) corresponding to a certain operator O may be written
where we introduced the functions
and we used the fact that the Jacobian J of the transformation (12) is unity [3]
In the special case in which the Weyl function O is a constant of motion depending on (q, p) only through the energy E(q, p), we obtain from (16), (18) and (13) 
In particular the normalization condition for
follows from Eq. (20) by taking O(q, p) = 1 since the Wigner function ρ(q, p) is normalized.
As ρ c is an approximation correct in zeroth order of the expansion in powers ofh of the Wigner function ρ, the average
is also correct in the same order inh. The expression (22) may be also written, by making use of the transformation (12), as
where we used Eqs. (14) and (17) andō(E, ν) denotes the averagē
Thus the average O c is obtained by replacing o(E, ν, t) in Eq. (16) by the average (24).
If, for fixed E, o(E, ν, t) depends weakly on t, the average O c is expected to be a good approximation.
III. WIGNER DISTRIBUTION FUNCTION FOR THE MORSE POTENTIAL
In 1929 Morse [5] suggested the potential U 0 (1 − e −αr ) 2 for studying diatomic molecules.
The Schrödinger equation for this potential does not have an exact solution, but for the one dimensional case the problem can be solved analytically [11, 12] .
In order to obtain the Wigner Distribution Function (WDF) [1] ρ(q, p, t) = (2πh)
where ψ is the solution of the Schrödinger equation, we need the eigenfunctions for the one-dimensional Morse potential
a and D being constant parameters. Starting with the Schrödinger equation
we introduce the dimensionless parameter λ
and the dimensionless coordinate
obtaining an eigenvalue equation depending only on one parameter
This equation is solved most conveniently using the variable
The eigenfunctions and eigenvalues are [6] ψ n (ξ) = N(n, λ) e
where the quantum number n takes the values
and the normalization factor N is given by
where the normalization condition ψ * n ψ n dq = 1 is assumed. In Appendix A, Eqs. (33) and (34) are derived.
From Eq. (34) one verifies that, for λ ≫ 1 and n ≪ λ, the energy spectrum of the Morse oscillator is written approximately E n ≈hω 0 (n + 1/2), which is the spectrum of a harmonic oscillator with frequency
As the semiclassical distribution functions ρ c for the harmonic oscillator coincide with the Wigner functions ρ we expect that if λ ≫ 1 ρ c does get close to ρ for the low lying levels.
Thus it may be appropriate to use, instead of the variable q and its canonical conjugate momentum p, the variables which treat harmonic oscillators on the same footing, namely [6] 
The coordinate Q and the momentum P have been used in the figures of Sec. IV. We define the dimensionless potential V (Q)
which is also used in the figures. For the energy levels there we use similarly
In the special case of our interest, namely the ground state, n = 0, the wave function is given by
In order to calculate the Wigner function replace ψ by ψ n (2λe −q ) into Eq. (25), obtaining
Introducing the new integration variable
Eq. (41) becomes
where ξ is given by Eq. (32). Substituting ψ n in Eq. (43) by the expression (33) ρ
and K ν (ξ) is defined by [6] 
ν being a complex variable. In the particular case in which n = 0 we get
The numerical method we used to calculate the function K ν (ξ) will be given in Appendix B.
The symmetries obeyed by the function K ν are
where the last step is obtained by making τ → τ −1 . From Eqs. (49) and (48) we get
Thus Eq. (44) may be written
showing explicitly that ρ
n is real.
In order to calculate the semiclassical distribution function ρ c (q, p) given by Eq. (9) or (14), we need the solution of the classical equation of motion
which has already been obtained exactly [9] . Introducing the coordinate q = ax and the variable θ given by
where ω 0 is given by Eq. (38), Eq. (52) becomes
The solution of Eq. (54) for ǫ = E/D < 1, where E is the energy associated with the trajectory, is
The canonical momentum associated with q is
which using Eqs. (55) and (38) gives
The period associated with the orbit is
Analising Eq. (55) one obtains that for E ≪ D the trajectories are close to those of a harmonic oscillator of frequency ω 0 .
IV. RESULTS
In this section we present the results of our calculations. We calculated the WDF ρ and Another feature of the WDF is that the curves of constant density ρ become more symmetric with respect to an axis parallel to the P −axis as λ increases, becoming close to the form of an ellipse. This tallies with the fact that for Q ≪ √ λ, V (Q) is the potential of a harmonic oscillator.
In Figs. 10,11,12 and 13 we present SDF curves for fixed ρ c superposed on WDF curves with ρ = ρ c for comparison. It will be seen that, as λ increases the SDF approximation improves, which means also that the WDF curves of constant ρ become closer to classical trajectories. In Fig. 9 we plot curves of constant ρ c for the case λ = 1. For this oscillator our semiclassical approximation is anomalous, as the value of ρ c increases from ρ c = 0.145 to ρ c = 0.179 as the classical energy E varies from E = 0 to E = 0.26hω 0 but decreases as E increases further. For the other oscillators ρ c decreases as the energy E increases until reaching the value ρ c = 0. As a consequence for λ = 1 one has two closed curves with the same ρ c for 0.145 < ρ c < 0.179 whereas for λ ≥ 2, for each ρ c one has only one such curve.
Also for the WDF there is only one closed curve for each ρ from the maximum value of ρ up to the curve ρ = 0.
In Fig. 10 we compare the WDF curves of constant ρ with the SDF curves for which ρ = ρ c in the case λ = 1. One notices that the discrepancies between both curves are very large. In Figs. 11,12 and 13 we make the same comparison for λ = 2, 4 and 10 respectively.
One finds that for ρ < 0.05 both curves are quite similar but displaced from each other. 30) of Sec. III)
Making the substitution y = 2λe −z , Eq. (A1) is written
or,
Assuming a solution of the form
and writing s 2 = (ǫ n − 1)λ 2 , from Eq. (A3) we get
where u ′ n = du n /dy and u
which is the differential equation satisfied by the Laguerre generalized functions. Eq. (A6) is satisfied if
which for m = 0 is
Since for m = n, a m+1 = 0 and a m = 0, Eq. (A7) gives
Taking into account Eq. (A9) we get
and the recurrence relation for the coefficients of the power series in Eq. (A7) becomes
Choosing
we obtain
and we get for ψ n the expression given by Eq. (33) in Sec. III.
APPENDIX B: NUMERICAL EVALUATION OF THE WIGNER FUNCTION
Here we discuss the numerical calculation of the quantity K ν defined in Eq. (46) of Sec. III,
Here ν is complex,
where N is an integer and k is the dimensionless momentum p/h and according to Eqs. (32) and (29)
Making the transformation
and considering that only the real part of K ν enters into the expression (51) for the Wigner function we get from Eq. (B1), substituting also ν according to Eq. (B2),
Let us take initially N = 0, which is the only value needed for the ground state of the Morse oscillator. Consider also k = 0 as the case k = 0 is calculated separately. For convenience we introduce the new variable of integration
and use the fact that the integrand is an even function of u, obtaining from Eq. (B5)
The integral in Eq. (B7) is of the form
where f (z) is a positive decreasing function of z. In order to avoid numerical cancellations arising from the change of sign of cos(z), we replace this integral by an integral in the interval
] of a series of functions.
We decompose I as follows
and
where we made the substitution z = y + 
Making now the substitution
for the integral in the interval [2πs, 2π(s + 1)], one obtains for Eq. (B12)
However sin z changes sign in the interval [0, 2π] which leads to cancellation errors if f is slowly varying in the interval. In order to eliminate the oscillation of sign of the integrand we decompose again the integral in the intervals [0, π] and [π, 2π] obtaining
As f is assumed to be monotonically decreasing each integrand in Eq. (B15) is now always positive. As the domain of integration of the integral I 1 is the interval [0,
] we make
, obtaining
Making v → −v for the contribution from the interval [− π 2
, 0] in Eq. (B16) and adding the contribution from I 1 one gets finally
For f (x) monotonic each term of the series contributes with the same sign, however errors may arise from the subtraction of the sum of the series from f (x).
In the general case in which N ≥ 0 in Eq. (B5), the function f (z) in Eq. (B8) becomes
The function f N (z) has M (M ≤ N) extremes at the real positive points In fact, one may determine the extremes of f N (z) by expressing f N (z) in terms of cosh(z/2k) and applying the condition ∂f N (z)/∂z = 0. By making this substitution one gets for Eq. (B18) the expression
where [N/2] denotes the largest integer contained in N/2 and
Thus we get the extrema of f N (z) as the roots of a polynomial of degree N.
For N = 1 the maximum occurs at
For N = 2 the maximum will be at 
